Coimisiun na Scruduithe Stait
State Examinations Commission

Leaving Certificate 2019

Marking Scheme

Applied Mathematics

Higher Level



Note to teachers and students on the use of published marking schemes

Marking schemes published by the State Examinations Commission are not intended to be
standalone documents. They are an essential resource for examiners who receive training
in the correct interpretation and application of the scheme. This training involves, among
other things, marking samples of student work and discussing the marks awarded, so as to
clarify the correct application of the scheme. The work of examiners is subsequently
monitored by Advising Examiners to ensure consistent and accurate application of the
marking scheme. This process is overseen by the Chief Examiner, usually assisted by a Chief
Advising Examiner. The Chief Examiner is the final authority regarding whether or not the
marking scheme has been correctly applied to any piece of candidate work.

Marking schemes are working documents. While a draft marking scheme is prepared in
advance of the examination, the scheme is not finalised until examiners have applied it to
candidates’ work and the feedback from all examiners has been collated and considered in
light of the full range of responses of candidates, the overall level of difficulty of the
examination and the need to maintain consistency in standards from year to year. This
published document contains the finalised scheme, as it was applied to all candidates’ work.

In the case of marking schemes that include model solutions or answers, it should be noted
that these are not intended to be exhaustive. Variations and alternatives may also be
acceptable. Examiners must consider all answers on their merits, and will have consulted
with their Advising Examiners when in doubt.

Future Marking Schemes

Assumptions about future marking schemes on the basis of past schemes should be
avoided. While the underlying assessment principles remain the same, the details of the
marking of a particular type of question may change in the context of the contribution of
that question to the overall examination in a given year. The Chief Examiner in any given
year has the responsibility to determine how best to ensure the fair and accurate
assessment of candidates’ work and to ensure consistency in the standard of the
assessment from year to year. Accordingly, aspects of the structure, detail and application
of the marking scheme for a particular examination are subject to change from one year to
the next without notice.



General Guidelines

Penalties of three types are applied to candidates' work as follows:

Slips - numerical slips S(-1)
Blunders - mathematical errors B(-3)
Misreading - if not serious M(-1)

Serious blunder or omission or misreading which oversimplifies:
- award the attempt mark only.

Attempt marks are awarded as follows: 5 (att 2).

The marking scheme shows one correct solution to each question.
In many cases there are other equally valid methods.



A particle P, of mass 3 kg, is projected along a rough inclined plane from the
point A with speed 4-2 m s™X. The particle comes to instantaneous rest at B.

. . . 9
The plane is inclined at an angle a to the horizontal where tana = e

The coefficient of friction between the particle and the
.3
plane is 20

(i) Show that the deceleration of P is %.

(i)  Find 1ABI.

After reaching B the particle slides back down the plane.

(iii) Find the speed of P as it passes through A on its way back down the plane.

(i) ma = —uR — 3gsina (5)
3a = —%ngcosa—Bgsina
3 40 9
3a = —%XSQXH—BQ XH
15
a——Hg (5)
(i) v? =u?+ 2as

— 492 _1s
0=4.2°+2( 41g)s

|AB| = s =2.46m (5)

(iii) ma = 3gsina — uR;

3a=3gsina—%x3gcosa

9 3 40
3a—3gXH—5x3ng

3
a=.9 (5)

v? =u® + 2as
v? = 0% + 2(= g) X 2.46

v=188ms! (5) (25)



1.(b)

Train A and Train B are on parallel tracks and travelling in opposite directions.

Train A starts from rest at Maynooth and accelerates uniformly at 0-5 m s™2 towards
Leixlip to a speed of 25 m s™. It then continues at this constant speed.

At the same instant as train A is leaving Maynooth Train B passes through Leixlip
heading towards Maynooth at a constant speed of 30 m s72.

Three minutes after leaving Leixlip train B starts to decelerate at 0:25 m s and comes
to rest at Maynooth.

(i) Find the distance between Maynooth and Leixlip.
(ii) At what distance from Maynooth do the trains meet?

After travelling at 25 m s7* for a time, train A decelerates and comes to rest at Leixlip
36 seconds after train B stops at Maynooth.

(iii) Find the deceleration of train A.

(i) B v?=u?+2as v=u+at
0=30%2-0.5s 0=30—0.25¢t
s = 1800 t=120 (5)
s =30 x 180 + 1800 s =30 x 180 + 30 x 120 + 3 (1) 1202
s=7200m s=7200m (5)
(i) A v=u+at
25=0+ 0.5t
t =150 (5)
_ 1/1 2
s1=0 x50 +3(3) 502 + 25(t — 50)
s; = 25t — 625
B 52 = 30t
Sl + SZ = 7200
25t — 625 + 30t = 7200
t =142.27
s; =25 % 142.27 — 625
s;=2931.75m (5)
(iii) B takes 300 s to stop
A takes 336 s to stop
336 —50 =286

25

\
%

50 286 —t

A 7200=%><50><25+(286—t)><25+%><t><25
t = 46
2

deceleration = 4—2 =0.54ms? (5) (25)



A man walks at a constant speed of 4 km h™! from west to east on level ground.
The wind appears to the man to come from a direction north 50° east.

At the same time a woman walking in the direction north 40° west, and also
walking at 4 km h™2, notices that the wind appears to come from the north.

Find the magnitude and direction of the velocity of the wind.

Voo = Vipm + Vi (5)
V) = —usin50 T —ucos50 j +4 7 (5)

V,, = (4—usin50) T —ucos50 J

Yy = Vi + 1V,
V,,=—v J—4sin40 T + 4cos40 J (5)

V,y = —4sin40 T + (4cos40 —v) J

4 —usin50 = —4sin40
u = 8.578

V,, = (4 —usin50) T —ucos50 J

V,=—-257 I—551 ] (5)
V,| = V2.572 + 5512 ~ 6.08 kmh™?
tan~! Z—SZ = south 25° west (5) (25)



(b)

A rescue boat, whose maximum speed is 24 km h™2, is 18 km south west of a fixed
point P. There is a constant current of 4 km h™! flowing uniformly in the direction
south 30° east. The rescue boat sets out to get to P as quickly as possible.

(i) Find the time, to the nearest minute, to reach P.

A yacht is in distress near P and it sends a signal to the rescue boat.

When the rescue boat arrives at P, the yacht is 6 km north of P and is drifting with the
current. The rescue boat sets out from P to reach the yacht as quickly as possible.

(ii) Find the time taken by the rescue boat to reach the yacht.

(i) 242 =4%2+v?2—-2x4Xvcos105 =

4 24
576 = 16 + v? + 2.0706v 6 =9.26°
v2 4+ 2.0706v — 560 = 0 a = 65.74°

v

sin 6 sin 105

v =22.65 v =22.65

18 .
t = —— X 60 = 48 minutes
22.65

(ii) The current affects the yacht and the rescue boat equally

t= L X 60 = 15 minutes
24

sin65.74  sin105

(5)

(5)

(5)

(5)

(5)

(25)



3. (a) A particle is projected with speed 40 m s™* from a point A

on the top of a vertical cliff of height 30 m.

The maximum height reached by the particle is 42 m
above the horizontal ground, at point B.

It strikes the ground at C.

Find
(i) the value of a, the angle of projection

(ii) the horizontal range of the particle
(iii)  the speed of the particle as it hits the ground at C.
(i V=0
40sina—gt =0

40sina
t =
)

(5)

rj=12

40sina X

40sina g (40sina\?
( ) =12

-3 p

800 x sin?a = 12g

a = 22.5° (5)

(ii) rp = —30
40sin22.5xt—49 x t?> = —30
t =4.49 (5)

Range = 40 co0s22.5 X 4.49 = 1659 m (5)

(iii) v =40cos22.5 T+ (40sin22.5 —-9.8 x 4.49) |

v = 36.955 7 — 28.695 |

|v| = v/36.9552 + 28.6952

= 46.79 ms™! (5)

(25)



3 (b)

(ii)

A plane is inclined at an angle 15° to the horizontal.
A particle is projected from a point P above the plane
with initial speed 20 m s™* at an angle of 60° above
the horizontal.

The point P is at a perpendicular distance of 1 m from
the inclined plane. The plane of projection is vertical
and contains the line of greatest slope.

The particle strikes the plane at a point Q.

Find
(i) the time taken for the particle to travel from P to Q

(ii) the speed of the particle at the point where it is travelling parallel to the
inclined plane.

rp=—1 (5)
205in45xt—%gc0515 xt2=-1 (5)

4733t2—-10V2xt—1=0

t =3.057s (5)

v; =20sin45—g cos15xt=0

t =1.49 (5)

v; = 20cos45 — g sin15 Xt

=10.36 ms™! (5) (25)



4.

(a) Two particles of masses 0-4 kg and 0-3 kg are attached to the ends
of a light inextensible string which passes over a light smooth fixed
pulley. They are held at the same level, as shown in the diagram.

The system is released from rest.

Find
(i) thetension in the string

(ii) the speed of the 0-4 kg mass when it has descended 0-7 m.

(i) 049 — T = 0.4a

T —0.3g =0.3a

N Q@

=14

T =0.3g+ 0.3a

T =336 N

(ii) v? =u?+ 2as
v2=0+4+2x14x%x0.7

v=14ms!

10

(5)
(5)

(5)

(5)

(5)

(25)

0-4

03




(b)

(ii)

A smooth wedge of mass 3m rests on a smooth
horizontal surface.

One face of the wedge makes an angle of 45°
with the horizontal.

A particle of mass mis placed on the smooth
inclined face of the wedge.

The system is released from rest.

45°

(i) Show, on separate diagrams, the forces acting on the wedge and on the particle.

The particle moves with acceleration p relative to the wedge and the wedge moves

with acceleration q.

(ii) Find the value of p and the value of q.

mg

3mg

R cos 45 = 3mgqg

R =3V2mgq

mg cos 45 — R = mq sin45

mg _mq
5~ 3V2mg="7

mg — émq = mq

q=%=1.4

mg sin45 = m(p — q cos 45)

11

(5), (5)

(5)

(5)

(5) (25)



5. (a)

A small smooth sphere A, of mass 3m moving with speed u, collides directly with a
small smooth sphere B, of mass m moving with speed u in the opposite direction.

The coefficient of restitution between the spheres is %

(i)  Find, in terms of u, the speed of each sphere after the collision.

After the collision B hits a smooth vertical wall which is perpendicular to the direction

of motion of B. The coefficient of restitution between B and the wall is %

The first collision between the spheres occurred at a distance 2 metres from the wall.
The spheres collide again 4 seconds after the first collision between them.

(ii)  Find the value of u.

(i) PCM 3m(u) + m(—u) = 3mv, + mv,
NEL vl—vzz—%(u+u)
3v; + v, =2u
Vi — VUV, =—U
1% ¥ v S_u
157 2=
i . 5u 8
(ii) B reaches wallin 2 +— = — seconds
4 5u
L 8 _ 2
In this time A travels —-X ===
5u 5
rebound speed of B 2x X =1
57 4 2

Ext+ixt=16
4 2

12

(5)

(5)

(5)

(5)

(5)

(25)



5. (b) A smooth sphere P, of mass 2m, collides with a smooth sphere Q, of mass m.
The velocity of P is 3u T + 4u j and the velocity of Q is —4u T+ 3u j, where T is along
the line of centres at impact.

P Q
The coefficient of restitution between the spheres is % m

Find
(i) in terms of u, the speed of each sphere after the collision M

(ii) the angle between the directions of P and Q after the collision.
P 2m 3ui+4uj vy T+ 4uj
Q m —4ui+3uj v, 1+3uj
(i) PCM 2m(3u) + m(—4u) = 2mv,; + mv, (5)
NEL VU, = —;(3u+4u) (5)

2vi + v, = 2u
v; — v, = =5u

Speed of P = \/(—u)z + (4u)2 =17 u

Speed of Q = \/(4u)2 + (3u)? = 5u (5)

(ii) tan~1 (41) = 14.04 tan~1 (4—") = 104.04

u -u

tan~1 (:—Z) =5313 | tan™! (j—Z) = 36.87

a = 14.04 +53.13 =67.17°| a =104.04 —36.87 =67.17° (5) (25)

13



(@) One end A of a light elastic string is attached to a fixed
point. The other end, B, of the string is attached to a particle
of mass m. The particle moves on a smooth horizontal table
in a circle with centre O, where O is vertically below A and
|AO| = h. The string makes an angle 8 with the downward
vertical and B moves with constant angular speed w about OA.

(i) Showthatw? <Z.
" 2m
The elastic string has natural length h and elastic constant Tg
(i) Given that w? = i—‘z , find the value of 6.
(i) T sin = mrw? (5)
T x % = mrw?
T = mlw?
R+ TcosO =mg (5)

Rzmg—mlwzx%

R=>0
gzho® = w?<? (5)
(ii) T = k X extension

mlw? = k(L —h)

mlxz—gzng(l—h)

sh
h=z1 (5)
cosf = % =0.8
0 = cos™10.8 = 36.87° (5) (25)

14



(b)

(i)

(ii)

(iii)

A particle P of mass 0-5 kg is suspended from a fixed point Q by a light elastic
string of natural length 0-65 m and elastic constant 24-5 N m™1.
The particle hangs in equilibrium at the point R, vertically below Q.

(i) Show that |QR| = 0-85 m.

The particle is now pulled down 0:3 m from the equilibrium position and released
from rest.

(ii)  Show that while the string is taut, P is moving with simple harmonic
motion.

(ili) Calculate the maximum speed of P.

-1
T_Zg (5)
1
kxd—zg
245X d = 4.9
d=0.2
= |QR|=0.65+0.2=0.85m (5)
1
F_Eg_T
=1g—kx(02+x) (5)

2

1

=29 - 24.5 x (0.2 + x)

= —24.5x
a= % = —49x
= S.H.M. (5)
UV =wa
=7%x03=21ms"? (5) (25)

15



(a)

A uniform rod AB of length 1-5 m and mass 3 kg is
smoothly hinged to a vertical wall at A.

The rod is held in a horizontal position by a string
attached to the rod at D and to a point C vertically above
A on the wall.

|AC| = |AD| = 0-5 m.

Find the magnitude and direction of the force exerted on
the rod at A.

YV

UOA Tsin45x0.5=3gx0.75

T = 44.1V2

X =T cos45 = 44.1

Tsin45 =Y + 3g

Y =14.7

R =+v44.1%2 + 14.7? = 465N

122 - 7160

6 = tan =
14.7

16

(5)

(5)

(5)

(5)

(5)

(25)



7. (b) Two equal uniform rods GF and FE, each of length 21 F E
and weight W, are smoothly jointed at F.
The rods are in equilibrium with the end G resting on a
rough horizontal surface. 60°
The end E is held above the surface. G

The rod FE is horizontal, and the rod GF is inclined at an angle of 60° to the horizontal.
G is on the point of slipping.

Find
(i) the coefficient of friction

(ii)in terms of W, the horizontal and vertical forces at E.

F X v
E
R w W
60°
G UuR
FE OF Y x2l=W x1
1
YZEW (5)

GFE UG Wx%HﬁVxﬂ=Xxh@+ny

X=—W (5)

1
7
R+Y =2W (5)
R+%W=2W :Rz%W

X = uR (5)

— =0.38 (5) (25)

17



8. (a) Prove that the moment of inertia of a uniform rod, of mass m and length 21 about an
axis through its centre, perpendicular to the rod, is %mlz.

Let M = mass per unit length

mass of element = M{dx}
moment of inertia of the element = M{dx} x? (5)
moment of inertia of the rod =M f_ll x? dx (5)
= M ["—3] l (5)
= N
= 2m3
3
142
= -ml (5) (20)

18



8. (b)

(i)

(i)

(i)

A uniform rod AB of mass m and length 1 m has a uniform disc A
of mass m and radius 10 cm attached at B.

The rod and disc are in the same plane and the rod is colinear

with a diameter of the disc as shown in the diagram.

The compound body oscillates about a fixed smooth
horizontal axis which passes through A and is
perpendicular to the plane of the rod and disc.

Find
(i)  the moment of inertia of the compound body about the axis of rotation

(ii)  the period of small oscillations correct to two decimal places

(iii) the length of the equivalent simple pendulum.

I =3mx0.5% + {5mx 0.1% + m x 1.1%} (5), (5)

= %m X 0.25 + {0.005m + 1.21m}

= 2% = 1.548m (5)
600

Mgh =mg x054+mgx1.1

Mgh = 1.6mg (5)

I
T =2m /—
Mgh
929m
T =2m /—
600x1.6mg

929

T=2nr [— =197 s (5)
9408
2T L_ 2T 229
g 9408
929
9208 Y
929
L = se0 = 0.97 m (5) (30)

19



9.(a) When 2 specific substances are mixed, the volume of the mixture is equal to the sum of
the original volumes. When equal volumes of these two substances are mixed, the
relative density of the mixture is 0-8. When equal masses of the same two substances
are mixed the relative density of the mixture is 0-6.

Find the relative densities of the two substances.

Equal volumes:
m1 + mz = mT
1000s,V + 1000s,V = 1000 x 0.8 x 2V (5)

s;+s, =16 (5)

Equal masses:
Vl + V2 = VT

m m 2m

= (5)

100051 1000s; "~ 1000x0.6

S1+sy 2

51 XSy 0.6
16

51XS3 0.6

Sl X Sz == 0.4’8
5,2 —1.65, + 048 = 0 (5)

= 5 =04, s,=12 (5) (25)

9 (b) Aliquid of density p rests on another liquid of density 2p
without mixing.
A solid of density d floats with its surface totally covered
by liquid and with part of its volume immersed in the
upper liquid.
Show that the fraction of the volume of the solid

2
immersed in the upper liquid is P

B, + By, =W (5)

p(kV)g + 2p{(1 —k)V}g =dVg (5), (5), (5)
kp+2p—2kp=d

kp=2p—d
k=20 (5) (25)

20



10. (a) A particle P moves along a straight line.
The speed of P at time t is v, where v = at? + bt + ¢ and a, b and ¢ are constants.
The initial speed of the particle is 15 m s~ 1.

1

After 2-5 seconds the particle reaches its minimum speed of 2-5m s™-.

Find
(i) thevalue of a, the value of b, and the value of ¢

(i) the acceleration of P when t = 4 seconds

(iii) the distance travelled by P in the third second of the motion.

(i) v=at’+bt+c
Y 2at+b
dt
0 = 2a(2.5) + b
5a+b=0 (5)
v=at’+bt+c
15=0+4+0+c¢
c=15 (5)

v=at’+bt+c
2.5 =6.25a + 2.5b + 15

2.5a+b = —5 (5)
> a=2 b=-10 (5)
(ii) W _2at+b
dt
W _ 4t —10
dt
L —4x4—-10=6 ms2 (5)
dt
(iii) v=2t?2-10t+ 15

a5 _ 2¢2 _ 10t + 15
dt

s= Et3 —5¢2 + 15t]z

s =18.00 — 15.33

s=2.67 m (5) (30)

21



10.

(i)

(ii)

(b) A particle, of mass m falls vertically downwards under gravity.

At time t, the particle has speed v and it experiences a resistance force of
magnitude kmv, where k is a constant.

The initial speed of the particle is u.

(i) Showthatv = % - (% - u) ekt attimet.

(i) fu=98ms tandk =098 s, find the distance travelled
by the particle in 4 seconds.

d 1
(Note: szx = Eln|a + bx| + ¢).

dv
m—=mg — kmv

dt
[ =[dt (5)
— % [In(g = kv)]% = [¢]6 (5)

In(g — kv) — In(g — ku) = —kt

In (ﬁ) = —kt
(e 0

v =10 — (10 — 9.8)e 098¢

ds

= =10 - 0.2¢70%¢
dt

4
s = [10t + Ee‘o'%t]
0.98 0

s =40.00 —0.20

s =398 m (5) (20)

22
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