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Note to teachers and students on the use of published marking schemes 
 

Marking schemes published by the State Examinations Commission are not intended to be 
standalone documents.  They are an essential resource for examiners who receive training 
in the correct interpretation and application of the scheme.  This training involves, among 
other things, marking samples of student work and discussing the marks awarded, so as to 
clarify the correct application of the scheme.  The work of examiners is subsequently 
monitored by Advising Examiners to ensure consistent and accurate application of the 
marking scheme.  This process is overseen by the Chief Examiner, usually assisted by a Chief 
Advising Examiner.  The Chief Examiner is the final authority regarding whether or not the 
marking scheme has been correctly applied to any piece of candidate work. 

Marking schemes are working documents.  While a draft marking scheme is prepared in 
advance of the examination, the scheme is not finalised until examiners have applied it to 
candidates’ work and the feedback from all examiners has been collated and considered in 
light of the full range of responses of candidates, the overall level of difficulty of the 
examination and the need to maintain consistency in standards from year to year.  This 
published document contains the finalised scheme, as it was applied to all candidates’ work. 

In the case of marking schemes that include model solutions or answers, it should be noted 
that these are not intended to be exhaustive.  Variations and alternatives may also be 
acceptable.  Examiners must consider all answers on their merits, and will have consulted 
with their Advising Examiners when in doubt. 

Future Marking Schemes 

Assumptions about future marking schemes on the basis of past schemes should be 
avoided.  While the underlying assessment principles remain the same, the details of the 
marking of a particular type of question may change in the context of the contribution of 
that question to the overall examination in a given year.  The Chief Examiner in any given 
year has the responsibility to determine how best to ensure the fair and accurate 
assessment of candidates’ work and to ensure consistency in the standard of the 
assessment from year to year.  Accordingly, aspects of the structure, detail and application 
of the marking scheme for a particular examination are subject to change from one year to 
the next without notice. 
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General Guidelines 

 
1 Penalties of three types are applied to candidates' work as follows: 
 
 Slips - numerical slips S(-1) 
 
 Blunders - mathematical errors B(-3) 
 
 Misreading - if not serious M(-1) 
 
 Serious blunder or omission or misreading which oversimplifies: 
 - award the attempt mark only. 
 
 Attempt marks are awarded as follows:                                                 5 (att 2). 
  
 
2 The marking scheme shows one correct solution to each question.   

In many cases there are other equally valid methods. 
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1. (a) A parcel rests on the horizontal floor of a van.   
   The van is travelling on a level road at 14 m s–1.   
   It is brought to rest by a uniform application of the brakes.   

    The coefficient of friction between the parcel and the floor is  ଶହ.    
   Show that the parcel is on the point of sliding forward on the floor of the van  
   if the stopping distance is 25 m.   

 
 
 𝐹 = 𝑚𝑎      

 
                     −µ𝑅 = 𝑚𝑎  (5)  
 

    − ଶହ 𝑚𝑔 = 𝑚𝑎  (5)  
 
                          𝑎 = − ଶହ 𝑔  (5)      
  
 
   𝑣ଶ = 𝑢ଶ + 2𝑎𝑠 
 
     0 = 14ଶ + 2𝑎𝑠  (5) 
 
     0 = 14ଶ + 2(− ଶହ 𝑔)𝑠   
 
     𝑠 = 25 m   (5)   (25) 
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1  (b) A car C moves with uniform acceleration 𝑎 from rest to a maximum speed 𝑢.   
It then travels at uniform speed 𝑢.   
Just as car C starts, it is overtaken by a car D moving in the same direction with constant 
speed  3𝑢4 .   
Car C catches up with car D when car C has travelled a distance 𝑑. 
(i) Show that, at the instant car C catches up with car D, car C has been travelling with 

speed 𝑢 for a time  ସௗଷ௨ − ௨௔.   
(ii) Find 𝑑 in terms of 𝑢 and 𝑎.  

 
 (i) D  𝑠 = 𝑢𝑡 + ଵଶ 𝑎𝑡ଶ     
 

 𝑑 = ଷସ 𝑢𝑡 + 0    (5) 
 

    𝑡 = ସௗଷ௨ 
 

C  𝑣 = 𝑢 + 𝑎𝑡     
 𝑢 = 0 + 𝑎𝑡ଵ    (5) 

 
    𝑡ଵ = ௨௔    
 𝑡ଶ = 𝑡 − 𝑡ଵ = ସௗଷ௨ − ௨௔   (5) 
 

(ii) C  𝑑 = 0 + ଵଶ 𝑎𝑡ଵଶ + 𝑢𝑡ଶ + 0     
 

 𝑑 = ଵଶ 𝑎 ቀ௨௔ቁଶ + 𝑢 ቀସௗଷ௨ − ௨௔ቁ  (5) 
 

    𝑑 = ௨మଶୟ + ସௗଷ − ௨మୟ   
 𝑑 = ଷ௨మଶୟ     (5)   (25) 
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2. (a) An aircraft travels at a speed of 400 km h–1  in still air.  The aircraft sets out to fly 
from P to Q where Q is north of P.   
(i) In what direction should the pilot set his course if there is a wind 

of 60 km h–1 blowing from the north-east?   
(ii)     How far is the aircraft from P after 20 minutes?    

 
 
 

        
 
 
 
 
 
 
 
 
 
 

 
(i)   

sinఈ଺଴ = sinଵଷହସ଴଴      (5) 
 

 sin𝛼 = 0.1061    (5) 
 

           𝛼 = 6.09°     (5) 
 

 

(ii)    
vsin38.91 = 400sin135    

 
 𝑣 = 355.31     (5) 
 

   |𝑟| = 355.31 × ଵଷ 
 
         = 118.44  km    (5)  (25) 
 

  

400 

60 

α 

135º 

φ 

v 
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2 (b) A river flows with constant speed 4 m s–1 between straight parallel banks a distance   60 m 
apart.  A woman can row a boat with speed 1 m s–1 in still water.   
(i) How long will it take the woman to cross from bank to bank going across in the 

shortest time?  
(ii) Find the distance travelled by the boat when it crosses by the shortest path. 

(i.e. to the nearest reachable point downriver on the opposite bank.) 
 
 

(i)      time = ଺଴ଵ     (5) 
 = 60  s   (5) 

 
 
 
 
 
 
 
 
 

 

(ii)   
sinఉସ௧ = sinథ௧     (5) 

 
   sin𝜙 = ଵସ sin𝛽 
 

       (sin𝜙)୫ୟ୶ = ଵସ (sin𝛽)୫ୟ୶ 

     (sin𝛽)୫ୟ୶ = 1     

          𝛽 = 90°    (5) 

 sin𝜙 = 14      ଺଴ௗ = ଵସ 
      𝑑 = 240  m    (5)   (25) 
 

 

β 
t d 

60 m 

4t 

α φ 
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3. (a) A particle is projected from a point P with speed 60 m s–1 at an angle of 30° to the 
horizontal.  At the same time a second particle is projected from a point Q with speed 
50 m s–1 at an angle 𝛽 to the horizontal.  P and Q are on the same horizontal level and 
are 100 m apart.  The particles collide at R as shown in the diagram.   

 

   
(i) Show that sin 𝛽 = ଷହ. 
 
(ii) Find the distance |PR|.  

 
 
 

 
(i) 60sin30 × 𝑡 − ଵଶ 𝑔𝑡ଶ = 50sin𝛽 × 𝑡 − ଵଶ 𝑔𝑡ଶ  (5) (5) 

  
       60sin30 = 50sin𝛽    

   
                sin𝛽 = ଷହ           (𝛽 = 36.9°)   (5) 

   
 
(ii)   100 = 60cos30 × 𝑡 + 50cos𝛽 × 𝑡 

  
                 100 = 30√3 × 𝑡 + 40 × 𝑡     

   
         𝑡 = 1.0874                (5) 
    
 
 

  |𝑃𝑅|ଶ = (60cos30 × 𝑡)ଶ + ቀ60sin30 × 𝑡 − ଵଶ 𝑔𝑡ଶቁଶ
 

 
 |𝑃𝑅| = ඥ56.503ଶ + 26.828ଶ 
 
    = 62.5  m    (5)  (25) 
 
 

 
 
 
 
 
 
 
 
 
  

R 

P Q 
β 30º 

100 m 
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3 (b)         A plane is inclined at an angle of 30° to the horizontal. 
A particle is projected up the plane with initial speed 𝑢 m s–1 at an angle 𝜃 to the 
inclined plane. 
A second particle is projected up the plane from the same point and with the same 
initial speed 𝑢 m s–1 but at an angle α to the inclined plane (where 𝛼 ≠ 𝜃). 
The two particles hit the same point on the inclined plane. 
The plane of projection is vertical and contains the line of greatest slope. 
(i) Find the time of flight for each particle and show that the ratio of the times of 

flight for the two particles is  
ୱ୧୬ ఏୱ୧୬ ఈ. 

(ii)     Find, in terms of 𝑢, the range when 𝜃 = 45° and hence or otherwise show  
    that  𝛼 = 15°. 

 
 
(i) 𝑟௝ = 0 

 𝑢 sin𝜃 × 𝑡 − ଵଶ 𝑔 cos30 × 𝑡ଶ = 0   (5) 
  

  𝑡ଵ  = ଶ௨ sinఏ௚ cosଷ଴   (5) 

    𝑡2 = ଶ௨ sinఈ௚ cosଷ଴  

 
   

                     ௧భ௧మ = sinఏsinఈ   (5) 

   
 
(ii)      𝑅ସହ = 𝑢 cos𝜃 × 𝑡 − ଵଶ 𝑔 sin30 × 𝑡ଶ   

   

              = 𝑢 cos45 × ଶ௨ sinସହ௚ cosଷ଴ − ଵଶ 𝑔 sin30 × ቀଶ௨ sinସହ௚ cosଷ଴ ቁଶ   
 

             = ଶ௨మ௚ √ଷ − ଶ௨మଷ ௚      

 

 = ଶ௨మ௚  ቄ√ଷିଵଷ ቅ      (5) 

    
   

       𝑅ଵହ = 𝑢 cos15 × ଶ௨ sinଵହ௚ cosଷ଴ − ଵଶ 𝑔 sin30 × ቀଶ௨ sinଵହ௚ cosଷ଴ ቁଶ   
 

             = ௨మ௚ √ଷ − ௨మ൫ଶି√ଷ൯ଷ ௚      

 

 = ଶ௨మ௚  ቄ√ଷିଵଷ ቅ      (5)  (25) 
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4. (a) A block A of mass m is connected by a light inextensible  
  string to a second block B of mass 3 kg. 
  They slide down a rough inclined plane which makes 
  an angle 𝛼 with the horizontal where tan 𝛼 = ଷସ.   
  The string remains taut in the subsequent motion. 
  The coefficient of friction between A and the plane is  ଷସ.   

  The coefficient of friction between B and the plane is  ଵଷ.   
The system is released from rest. 
Find 
(i) the acceleration of B, in terms of m 
(ii) the value of m if the tension in the string is 3·92 N.   

  
 

 
 (i)   3𝑔sin𝛼 − 𝑇 − ଵଷ (3𝑔cos𝛼) = 3𝑎  (5) 
 

            𝑚𝑔sin𝛼 + 𝑇 − ଷସ (𝑚𝑔cos𝛼) = 𝑚𝑎  (5) 
  

  𝑎 = ௚ଷା௠   (5) 
 
 

 (ii)   𝑚𝑔sin𝛼 + 𝑇 − ଷସ (𝑚𝑔cos𝛼) = 𝑚𝑎  
 
           𝑚𝑔 ቀଷହቁ + 𝑇 − ଷସ 𝑚𝑔 ቀସହቁ = 𝑚𝑎 
 
          𝑇 = 𝑚𝑎  (5) 
 
       3.92 = ௠௚ଷା௠   
 
       𝑚 = 2   (5)  (25) 
 
 
   
  
 
 

B 

α 

A 

3  

m 
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4(b)         A moveable pulley of mass m is suspended on a light 
inextensible string between two fixed pulleys as shown in 
the diagram.  Masses of 6 kg and 3 kg are attached to the  
ends of the string.   
The system is released from rest.  
(i) Show, on separate diagrams, the forces acting on the  
 moveable pulley and on each of the masses. 
(ii) Find in terms of m the tension in the string. 
(iii) For what value of m will the acceleration of the moveable pulley be zero?  

 
 
(i) 
 
 
         (5) 
 
 
 
 

 (ii)      𝑇 − 6𝑔 = 6𝑎    (5) 
 

                  𝑇 − 3𝑔 = 3𝑏    (5) 
 
 𝑚𝑔 − 2𝑇 = 𝑚 × ଵଶ (𝑎 + 𝑏) 
 
 𝑚𝑔 − 2𝑇 = 𝑚 × ଵଶ ቀ଺் − 𝑔 + ଷ் − 𝑔ቁ 
 
 4𝑚𝑔 − 8𝑇 = 𝑚 × (𝑇 − 4𝑔) 
    𝑇  = ଼௠௚଼ା௠   (5) 

 
 
  

 (iii)     ଵଶ (𝑎 + 𝑏) = 0   
 

             𝑚𝑔 − 2𝑇 = 0 
 𝑚𝑔 = 2𝑇 = ଵ଺௠௚଼ା௠   

  
                    𝑚 = 8    (5)  (25) 
   
 
 
 
 
 

6g 

T 

3g 

T 
T T 

mg 

6  m 3 
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5. (a) Three identical small smooth spheres A, B and C,  
  each of mass m, lie in a straight line on a smooth  
  horizontal surface with B between A and C.    
  Spheres A and B are projected towards each other  
  with speeds 5u and 2u respectively, and at the same  
  time C is projected along the line from B away from B with speed 4u.   

The coefficient of restitution between each pair of spheres is e. 
After the collision between A and B there is a collision between B and C. 
(i) Find, in terms of e and u, the speed of each sphere after the first collision. 
(ii) Show 𝑒 > ହ଻. 

(iii) If 𝑒 = ଺଻  show that B will not collide with A again. 
 

(i) PCM 𝑚(5𝑢) + 𝑚(−2𝑢) = 𝑚𝑣ଵ + 𝑚𝑣ଶ   (5)  
 

NEL 𝑣ଵ − 𝑣ଶ = −𝑒(5𝑢 + 2𝑢)    (5) 
 
   𝑣ଵ + 𝑣ଶ = 3𝑢 
 
   𝑣ଵ − 𝑣ଶ = −7𝑒𝑢 
 
  𝑣ଵ  = ଷ௨ି଻௘௨ଶ   𝑣ଶ  = ଷ௨ା଻௘௨ଶ       (5) 
 

 
           (ii)   𝑣ଶ > 4𝑢 
 
         ଷ௨ା଻௘௨ଶ >  4𝑢 
 
     𝑒 > ହ଻      (5) 
 

(iii)     PCM  𝑚 ቀଽଶ 𝑢ቁ + 𝑚(4𝑢) = 𝑚𝑣ଷ + 𝑚𝑣ସ 
 

NEL  𝑣ଷ − 𝑣ସ = − ଺଻ ቀଽଶ 𝑢 − 4𝑢ቁ    
 
    𝑣ଷ + 𝑣ସ = ଵ଻ଶ 𝑢 
 
    𝑣ଷ − 𝑣ସ = − ଷ଻ 𝑢 
 
   𝑣ଷ   = ଵଵଷ௨ଶ଼    𝑣ସ  = ଵଶହ௨ଶ଼    
 
 
    𝑣ଵ ቀ= − ଷ௨ଶ ቁ < 𝑣ଷ < 𝑣ସ   (5)  (25) 
 
 
  

5u 

A 

4u 

C 

2u 
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5 (b) A small smooth sphere P, of mass 2m, moving with speed 4u,  
collides obliquely with an equal smooth sphere Q,  
of mass 3m, moving with speed u.   
Before the collision the spheres are moving in opposite 
directions, each making an angle α to the line of centres, as 
shown in the diagram.  

   The coefficient of restitution between the spheres is   ଵହ . 

(i) Find, in terms of u and α, the speed of each sphere after the collision.  
After the collision the speed of P is twice the speed of Q.  
(ii) Find the value of α. 

 
 
 
 P 2m 4𝑢cos𝛼  𝚤 + 4𝑢sin𝛼  𝚥               𝑣ଵ  𝚤  +  4𝑢sin𝛼  𝚥    
 Q 3m −𝑢cos𝛼  𝚤 − 𝑢sin𝛼  𝚥               𝑣ଶ  𝚤  −  𝑢sin𝛼  𝚥    
 
 
 
(i) PCM 2𝑚(4𝑢cos𝛼) + 3𝑚(−𝑢cos𝛼) = 2𝑚𝑣ଵ + 3𝑚𝑣ଶ  (5) 

 
NEL 𝑣ଵ − 𝑣ଶ = − ଵହ (4𝑢cos𝛼 + 𝑢cos𝛼)    (5)  
 
  2𝑣ଵ + 3𝑣ଶ = 5𝑢cos𝛼 
 
       𝑣ଵ − 𝑣ଶ = −𝑢cos𝛼 
 
 𝑣ଵ = ଶହ 𝑢cos𝛼  𝑣ଶ = ଻ହ 𝑢cos𝛼    (5) 

 

  Speed of P = ටቀଶହ 𝑢cos𝛼ቁଶ + (4𝑢sin𝛼)ଶ    
 

  Speed of Q = ටቀ଻ହ 𝑢cos𝛼ቁଶ + (−𝑢sin𝛼)ଶ  (5) 
 
 
(ii)  ସଶହ 𝑢ଶcosଶ𝛼 + 16𝑢ଶsin2𝛼 = 4 ቄସଽଶହ 𝑢ଶ𝑐𝑜𝑠ଶ𝛼 + 𝑢ଶ𝑠𝑖𝑛ଶ𝛼ቅ  

 
        tan2𝛼 = ଵ଺ଶହ    

 
     𝛼 = 38.66°    (5)  (25) 

 
 
 
 
 
 

P Q 

α 
α 

4u 

u 
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6. (a) Two points A and B are 6 m apart on a smooth horizontal 
  surface.  A particle P of mass 0·5 kg is attached to one end  
  of a light elastic string, of natural length 2·5 m and elastic  
  constant 8 N m–1.  The other end of the string is attached to A.   
  A second light elastic string, of natural length 1·5 m and elastic constant 12 N m–1 has 

one end attached to P and the other end attached to B, as shown in the diagram.   
  Initially P rests in equilibrium at the point O, where AOB is a straight line.  

(i) Find the length of AO. 
  The particle P is now displaced in the direction AB, through such a distance that 

neither string goes slack, and is then released.   
(ii) Show that P moves with simple harmonic motion about O. 

 
 
 

(i)   𝑇ଵ = 8(𝑥 − 2.5)   and  𝑇ଶ = 12(6 − 𝑥 − 1.5)  (5) 
 
     𝑇ଵ = 𝑇ଶ 
 
    8(𝑥 − 2.5) = 12(6 − 𝑥 − 1.5)    
 
       𝑥 = 3.7 
 
              |𝐴𝑂| = 3.7 m         (5)  
 
 
 
 

(ii)   𝑇ଵ = 8(3.7 + 𝑥ଵ − 2.5)   and  𝑇ଶ = 12(2.3 − 𝑥ଵ − 1.5) (5) 
 
    𝐹 = 𝑇ଶ − 𝑇ଵ 
 
     = 12(2.3 − 𝑥ଵ − 1.5) − 8(3.7 + 𝑥ଵ − 2.5)   
 
     = −20𝑥ଵ      (5) 
 
    𝑎 = ி௠ = −40𝑥ଵ 
 
    ⇒      S. H. M.          (5)  (25) 
 
 
 
 
 
 
  

6 m 
P 

A B 
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6 (b) A particle P is attached to one end of a light inextensible string of length 𝑑.   
The other end of the string is attached to a fixed point.  The particle is hanging freely at 
rest, with the string vertical, when it is projected horizontally with speed 𝑢.   
The particle moves in a complete vertical circle.   

(i) Show that 𝑢 ≥ ඥ5𝑔𝑑.  

As P moves in the circle the least tension in the string is 𝑇ଵ and the greatest tension is 𝑘𝑇ଵ.   

(ii)        Given that 𝑢 = ඥ6𝑔𝑑, find the value of 𝑘. 
 
 

(i)       ଵଶ 𝑚𝑢ଶ + 0 = ଵଶ 𝑚𝑣ଶ + 𝑚𝑔(2𝑑)   (5) 
 
              𝑚𝑣ଶ = 𝑚𝑢ଶ − 4𝑚𝑔𝑑 
 
       𝑇 + 𝑚𝑔 = ௠௩మௗ = ௠௨మௗ − 4𝑚𝑔   (5) 
 
      𝑇 = ௠௨మௗ − 5𝑚𝑔    
 
     𝑇 ≥ 0 
 
              ௠௨మௗ ≥ 5𝑚𝑔 
 
     𝑢 ≥ ඥ5𝑔𝑑     (5) 
 
 

(ii)        𝑇୫୧୬ = ௠௨మௗ − 5𝑚𝑔   
 
               = ௠(଺௚ௗ)ௗ − 5𝑚𝑔  
 
     𝑇୫୧୬ = 𝑚𝑔     (5) 
 
 

     𝑇୫ୟ୶ − 𝑚𝑔 = ௠(଺௚ௗ)ௗ    
 
     𝑇୫ୟ୶ = 7𝑚𝑔    
 
     ⇒     𝑘 = 7     (5) (25) 
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7. (a) One end of a uniform ladder, of weight W and length 𝑙, 
rests against a rough vertical wall, and the other end rests 
on a rough horizontal floor.  The coefficient of friction 
between the ladder and the wall is  √ଷଶ   and the coefficient 

of friction between the ladder and the floor is  ଶହ√ଷ.   
  The ladder makes an angle 𝜃 with the floor and is in a 

vertical plane which is perpendicular to the wall. 
  The ladder is on the point of slipping. 
  Find the value of 𝜃. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     𝑅 = ଶହ√ଷ  𝑅ଵ   (5) 
 
                    √ଷଶ 𝑅 + 𝑅ଵ = 𝑊   (5) 
 
       √ଷଶ 𝑅(ℓcos𝜃) + 𝑅(ℓsin𝜃) = 𝑊 ቀଵଶ ℓcos𝜃ቁ  (5) 
 
      √ଷଶ 𝑅 + 𝑅tan𝜃 = ଵଶ 𝑊    
 
     √ଷଶ 𝑅 + 𝑅tan𝜃 = ଵଶ ቄ√ଷଶ 𝑅 + 𝑅ଵቅ 
 
     √ଷଶ 𝑅 + 𝑅tan𝜃 = ଵଶ ቄ√ଷଶ 𝑅 + ହ√ଷଶ 𝑅ቅ  (5) 
 
           √ଷଶ + tan𝜃 = √ଷସ + ହ√ଷସ   
 
                tan𝜃 = √3 
 
       𝜃 = 60°   (5)  (25) 
 
  

R 

W 

√ଷଶ  𝑅 
𝑅ଵ 

ଶହ√ଷ 𝑅ଵ 

𝜃 

𝜃 
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7 (b) Two equal uniform rods, AB and BC, smoothly jointed  
at B, are in equilibrium with the end C resting on a rough 
horizontal plane and the end A freely pivoted at a point 
above the plane.   
30° and 45° are the inclinations of AB and BC to the 
horizontal as shown in the diagram. 

The coefficient of friction between BC and the plane is μ. 

Show that  𝜇 ≥ ଽି√ଷଵଷ .  
 

 
  
 
 
 

 
 
 
BC      𝑊 ቀଵଶ ℓ cos 45ቁ + 𝜇𝑅(ℓ sin 45) = 𝑅(ℓ cos 45)  (5) 
 
      𝑊 = 2𝑅(1 − 𝜇)     
 
 
ABC    𝑊 ቀଵଶ ℓ cos 30ቁ + 𝑊 ቀℓ cos 30 + ଵଶ ℓ cos 45ቁ + 𝜇𝑅(ℓ sin 45 − ℓ sin 30)  

       = 𝑅(ℓ cos 30 + ℓ cos 45)  (5) 

 
 2𝑅(1 − 𝜇) ቀଵଶ ℓ cos 30ቁ + 2𝑅(1 − 𝜇) ቀℓ cos 30 + ଵଶ ℓ cos 45ቁ + 𝜇𝑅(ℓ sin 45 − ℓ sin 30)  

       = 𝑅(ℓ cos 30 + ℓ cos 45)  (5) 

 
                2√3 = 𝜇 + 𝜇3√3   (5) 
 

     𝜇 = ଶ√ଷଵାଷ√ଷ = ଽି√ଷଵଷ     (5) (25) 
 
  
  
 
 

45° 

B 
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30°B 
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B 

A C 
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µR 
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8. (a) Prove that the moment of inertia of a uniform disc, of mass 𝑚 and radius 𝑟  
   about an axis through its centre, perpendicular to its plane, is  ଵଶ 𝑚𝑟ଶ. 

 
           Let  𝑀  =  mass per unit area 
 
      mass of element  =  𝑀ሼ2𝜋𝑥𝑑𝑥ሽ 
 
  moment of inertia of the element  =    𝑀ሼ2𝜋𝑥𝑑𝑥ሽ 𝑥ଶ  (5) 
 
           moment of inertia of the disc  =    2𝜋𝑀 ׬  𝑥ଷ 𝑑𝑥  ௥  ଴   (5) 
 

          =   2πM  ቂ௫రସ ቃ  ଴  ௥
   (5) 

 
          =   ଵଶ 𝜋𝑀𝑟ସ 
 
          =  ଵଶ 𝑚𝑟ଶ    (5) (20) 
 
 
 
 
 

(b) A wheel consists of a uniform circular disc of  
radius 𝑟 with four circular holes each of radius ଵସ 𝑟.      
 

The centres of the holes form a square and each 
centre is  ଵଶ 𝑟 from the centre of the disc O.       

A is a point on the circumference of the wheel 
which is equidistant from the centres of two holes. 

If 𝑚 is the mass of the wheel after the holes have been punched in it, 
 

(i) Show that  ௠ଵଶ  is the mass of the material removed to create each hole. 
 

Find  
 

      (ii) the moment of inertia of the wheel about an axis through O perpendicular  

    to the plane of the wheel. 

The wheel can turn freely in a vertical plane about an axis through A perpendicular to 
the plane of the wheel.   

(i) Given that the period of small oscillations of the wheel is 𝑘√𝑟,  

find the value of 𝑘 correct to 2 decimal places. 
 

𝑟 

A 
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8  (b)    
௠భగቄೝరቅమ = ௠ାସ௠భగ௥మ  

 
          𝑚ଵ = ଵଵଶ 𝑚     (5) 
 
   𝑀 = 𝑚 + 4𝑚ଵ = ସଷ 𝑚 

 
        

     𝐼௢ = ଵଶ ቀସଷ 𝑚ቁ 𝑟ଶ        (5) 

   −4 ൜ଵଶ ቀ ଵଵଶ 𝑚ቁ ቀଵସ 𝑟ቁଶ + ቀ ଵଵଶ 𝑚ቁ ቀଵଶ 𝑟ቁଶൠ   
   

 
       = ହହଽ଺ 𝑚𝑟ଶ       (5) 
 
  𝐼஺ = ହହଽ଺ 𝑚𝑟ଶ + 𝑚𝑟ଶ = ଵହଵଽ଺ 𝑚𝑟ଶ    (5) 
 
 

  𝑘√𝑟 = 2𝜋ට ூ௠௚௛ 

 

  𝑘√𝑟 = 2𝜋ඨభఱభవల ௠௥మ௠௚௥       (5) 

 

  𝑘 = 2𝜋ටଵହଵଽ଺௚ = 2.52      (5)              (30) 
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9. (a) A buoy in the form of a hollow spherical shell of external  
    radius 0·7 m and internal radius 0·65 m floats in water.  

    The density of the material of the shell is 3430 kg m–3 . 

 What percentage of the volume of the buoy is  

 immersed?   

              [Density of water = 1000 kg m–3] 
 
 
 
 
 
 
 
   𝐵 = 1000 × ቄସଷ 𝜋(0.7)ଷቅ × 𝑔 × ௣ଵ଴଴    (5) 
 
   𝑊 = 3430 × ቄସଷ 𝜋(0.7)ଷ − ସଷ 𝜋(0.65)ଷቅ × 𝑔   (5)  
 
   𝐵 = 𝑊        (5) 
 
 1000 × ቄସଷ 𝜋(0.7)ଷቅ × 𝑔 × ௣ଵ଴଴ = 3430 × ቄସଷ 𝜋(0.7)ଷ − ସଷ 𝜋(0.65)ଷቅ × 𝑔 
 
     ሼ(0.7)ଷሽ × 𝑝 = 343 × ሼ(0.7)ଷ − (0.65)ଷሽ 
 
            𝑝 = 68.375  %     (5) (20) 
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9 (b)    A thin uniform rod AB of length 2h and weight W,   
can turn feely about the end A, which is fixed 
at a height h above the surface of water into which 
the other end dips.   
The rod is in equilibrium when inclined  
at 45° to the vertical. 

Find the relative density of the rod. 
 

 
 
 
 
 

    𝐵 = మೣమ೓(ௐ)(ଵ)௦ = ௫ௐ௛௦     (5) 
 
 
    cos 45 = ௛ଶ௛ିଶ௫ 
 
    ଵ√ଶ = ௛ଶ௛ିଶ௫     (5) 
 
   𝑥 = ℎ − ଵ√ଶ ℎ    𝑜𝑟   ℎ = ൫2 + √2൯𝑥    
 
 
  𝑊 × ℎ 𝑠𝑖𝑛 45 = 𝐵 × (2ℎ − 𝑥) sin 45   (5), (5) 
 
  𝑊 × ℎ 𝑠𝑖𝑛 45 = ௫ௐ௛௦ × (2ℎ − 𝑥) sin 45    
 
  ℎଶ𝑠 = 2ℎ𝑥 − 𝑥ଶ  𝑠 = ௫௛ × ቀ2 − ௫௛ቁ  
 

 ℎଶ𝑠 = 2ℎଶ − √2ℎଶ − ቀℎ − ଵ√ଶ ℎቁଶ
 𝑠 = ቀ1 − ଵ√ଶቁ × ቀ1 + ଵ√ଶቁ (5) 

 
  𝑠 = ଵଶ     𝑠 = ଵଶ    (5) (30) 
 

 
 

 
 

2h-2x h 
45 

45° 

B 

A 
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10. (a) If  ௗ௬ௗ௫ = 3 sin 3𝑥 + cos 5𝑥  and 𝑦 = 1 when 𝑥 = గସ, find the value of 𝑦  
  when 𝑥 = గଶ. 
  Give your answer correct to 2 decimal places. 
 
 
 
    ௗ௬ௗ௫ = 3 sin 3𝑥 + cos 5𝑥 
 
 
׬     𝑑𝑦 = 3)׬ sin 3𝑥 + cos 5𝑥) 𝑑𝑥  (5) 
 
 

    ሾ𝑦ሿ ଵ ௬ = ቂ−cos3𝑥 + ୱ୧୬ ହ௫ହ ቃ గ ସൗ గ ଶൗ
  (5), (5) 

 
 
    𝑦 − 1 = ቂ0 + ଵହቃ − ቂ ଵ√ଶ − ଵହ√ଶቃ   (5) 
 
 
     𝑦 = 0.63    (5)  (25) 
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10(b) If there were no emigration, the population 𝑥 of a certain county would increase at a 
constant rate of 2·5% per annum.  By emigration the county loses population at a constant 
rate of 𝑛 people per annum.   
When the time is measured in years then  ௗ௫ௗ௧ = ௫ସ଴ − 𝑛. 

 
(i) If initially the population is P people, find in terms of 𝑛, P and t, the population after t 

years.  
 

(ii)   Given that 𝑛 = 800 and P = 30 000, find the value of t when the population is 29 734. 
 
 
 
 
 
 (i)   ௗ௫ௗ௧ = ௫ସ଴ − 𝑛 
 
    40 × ׬ ௗ௫௫ିସ଴௡ = ׬ 𝑑𝑡     (5) 
 
    40 ×  ሾln(𝑥 − 40𝑛)ሿ௉௫ = ሾ𝑡ሿ଴௧     (5), (5) 
 
    40𝑙𝑛(𝑥 − 40𝑛) − 40𝑙𝑛(𝑃 − 40𝑛) = 𝑡    
 
 

    ln ቀ௫ିସ଴௡௉ିସ଴௡ቁ = ௧ସ଴    
 
 
    𝑥 = (𝑃 − 40𝑛)𝑒 ௧ ସ଴ൗ + 40𝑛    (5) 
 
 

(ii)  𝑥 = (𝑃 − 40𝑛)𝑒 ௧ ସ଴ൗ + 40𝑛   
 
    29734 = (30000 − 32000)𝑒 ௧ ସ଴ൗ + 32000  
 
    2000 × 𝑒 ௧ ସ଴ൗ = 2266  
 
    𝑡 = 40ln(1.133) 
   
    𝑡 = 4.99  years     (5) (25) 
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